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Abstract: We propose to use individual-based models as virtual laboratories to identify
parameters of aggregate models. We illustrate this approach with a simple example: the diffusion
of particles animated by a Brownian movement. We thus have an aggregated numerical model,
as well as an individual-based model of this process. We then use the individual-based model as
a virtual laboratory. In particular, we consider the coupling between both models in which the
aggregate model asks for computations of parameters to the individual-based model. Finally, we
evoke the case of scale shifts in the models and the way it can be handled by this type of
approach.
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1 Introduction
To describe a social, a physical, or a biological system, the differential equations are the
fundamental tool of the scientists. This approach tends to describe a system made of many
elements by aggregate variables (densities of populations for instance) and the dynamics of these
variables, given by their derivatives. This provides a very compact and general representation of
the system’s evolution. However, these models use aggregate parameters which can be delicate to
identify.
On the contrary, individual-based models (IBM) explicitly represent all the elements of the
system, as well as their interactions. They have been increasingly used in particular in ecology,
for several years (Grimm, 1999) and also to model social systems (Epstein and Axtell, 1996). Of
course, differential equations can be used within the context of IBM to express the global
behavior of the system. Nevertheless, IBM find a “natural” expression in recent work in
computer sciences, like the object-oriented programming and multi-agents systems (Ferber,
1995). Then, the representations of individual dynamics can sometimes fruitfully deviate from a
pure differential formalism. The individual-based models considered in this article are not
necessarily multi-agents models if we adopt the strict definition of Wooldridge and Jennings
(Wooldridge and Jennings, 1995). We thus use the term “individual-based model” since the
model focuses on the entities composing the system, in opposition to an approach considering the
aggregate variables representing the whole system.
In fact, these two types of models can be seen like representations of the same system at two
different levels of abstraction. In this paper, we try to show the interest to develop both levels of
abstraction together. Our principal argument is that the two levels can be coupled, each one being
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enriched and getting advantage from the other one. Coupling a traditional numerical model with
an individual-based model was already performed in several examples of practical applications.
For example, Coquillard and Hill, (1997), use an individual-based model to account for the front
of propagation of a forest fire, which is coupled to a traditional model. However, in our proposal,
the individual-based and the aggregate models both relate to the same process, while this is not
totally the case in the preceding examples (because the individual-based model is used only to
model a part of the problem). Our view is closer to Lindenberg’s idea of decreasing abstraction
(Lindenberg, 1992), who recommends the development of increasingly precise models, which
comprehension is nourished of that of the higher abstraction models, in different formalisms. The
concept of multi-modeling (Fishwick, 1995) is also related with our approach. Multi-modeling
aims at describing a process, or a system, using several models on different levels of abstraction
or refinement.
Regarding these different works, the main originality of our proposal concerns the use of a
particular type of cooperation between both levels of abstraction: the use of the individual-based
model as a virtual laboratory, allowing us to perform experiments and measurements, in order to
identify parameters of the aggregate model.
To illustrate this idea concretely, we consider a simple example, the diffusion in a fluid of
particles animated by a Brownian movement. The aggregate model is reduced to the equation of
evolution of the particle concentration in space. The individual-based model represents the whole
set of the particles, and their movements. We consider several variants of the diffusion process,
and corresponding dynamical coupling between the individual-based and aggregate models. In
some cases, we show that these operations can be related to scale shifts. Finally, we discuss the
interest of such couplings compared to an individual-based model alone, or the interest to carry
out such an on-line coupling.

2 Aggregate and individual-based models of particle diffusion
The diffusion of particles is a particularly simple example of a process for which microscopic
physical description is mathematically connected to the macroscopic description of the system by
the use of statistical mechanics. It is thus easy to work out an aggregate model and an individualbased model of this phenomenon, and to establish a link between them. This process thus appears
at the same time easy to expose, and rich enough to illustrate our point.

2.1 The aggregate model
The study of the diffusion phenomenon by the kinetic theory established the equation of Fick,
aggregate model of Brownian diffusion (Fick, 1855). One is interested here only in the
component along the x-axis (x):
∂c
∂ 2c
=D 2
∂t
∂x

(Equation 1)

Where c is the concentration in particles, D the diffusion coefficient and x the axis on which takes
place the diffusion. c is a function of x and t.
Two methods exist to solve a differential equation. The first consists in integrating the equation
analytically; the second uses a numerical resolution using a suitable schema of integration.
When the initial concentration and the limits of space are known, it is analytically possible to
calculate the solution of the Fick’s equation:
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2

c0 e − x / 4 Dt
c( x, t ) =
2 πDt

(Equation 2)

Where c0 is the initial concentration.
This solution is thus a bell-shaped curve (Gaussian) representing the concentration of the
particles at a particular time and space coordinates (cf. curve in dotted lines on figure 2).
However, if it is supposed that the diffusion coefficient is variable in space, the analytical
solution is not always analytically computable. It is then necessary to use a numerical resolution
of the equation with variable coefficient and constant step (equations 3) (Dautray and Lions,
1984), by discretizing space and time.
C it+1 − C it
C it − C it−1 
1 t +1
1 
t
− Di −1
Ci − Ci −
 Di +1
 = 0 (Equation 3)
∆t
∆x 
∆x
∆x 

(

)

Where Cit is the concentration in particles at the space step i and at the time step t. One supposes
that C i0 is given, ∆x is the space step, ∆t is the time step, and Di is the diffusion coefficient at
the space step i

2.2 The individual-based model
The individual-based model simulating the process of diffusion is particularly simple initially,
but we will see thereafter that it can get more complex to address more detailed settings. We
suppose that the particles evolve/move in a cube in three dimensions (x, y, z). We suppose that
the particles are initially distributed at random on the plane defined by x=0, separating the cube
in two halves of equal volume. The simulation of Brownian diffusion merely consists in giving a
direction and a random speed (between 0 and vmax) to each particle at each iteration. The
boundary condition is the impossibility for any particle to leave the cube; one thus draws at
random a new direction and a new speed for any particle in the cube. This model is mainly
stochastic. It is thus necessary to simulate a huge number of particles so that the observation of
the model’s behavior is not a particular event but the reflection of an average behavior of the
whole set of the particles. At every moment, this model gives the position of every particle. It
thus makes it possible to calculate the concentration in particles, or other indicators, in each part
of space.

3 Virtual laboratory for the determination of parameters
The aggregate model can give us an estimate of the diffusion parameter D of the aggregate
model, corresponding to a maximum speed of the particles.
For that purpose, one considers the individual-based model as a virtual laboratory, on which one
performs experiments and measurements (Legay, 1997; Grimm, 1999). Thus, on the basis of an
initially random distribution of the particles in the plan x=0, one measures at every time step t,
the average standard deviation σ of the set of the particles, i.e. the square root of the sum of the
square of distance between each particle and the origin of the x-axis divided by the number of
particles.
One can deduce the diffusion coefficient D from this figure in an experimental way, using the
relation:

σ = 2 Dt then D =
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1 2
σ (equation 4)
2t

0.5σ2

Where σ stands for the average standard deviation, D is the coefficient of diffusion and t the time.
1
Figure 1 shows the evolution of the quantity σ 2 according to time. By computing the slope of
2
this line, we obtain an estimation of the diffusion coefficient D.

r = 0.99 slope = 5.4

Time (s)

1
Figure 1: σ 2 according to time. The slope of this line provides an estimate of the diffusion
2
coefficient D.
Then, one can check that the microscopic model of the particles has the same behavior as Fick’s
macroscopic equation. Figure 2 makes it possible to compare the two models.

Particles.volume unit-1

Individual
based model
++
Fick equation
--

Distance
5

Figure 2: Individual-based simulation of 10 particles (cross) and Fick’s equation (dotted line)
with t=30s. The simulation and the Fick’s curve match almost perfectly. One considers the two
models as equivalent regarding their execution trace.
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Figure 2 shows the results of a simulation of diffusion carried out with 105 particles during 30
seconds (simulated time duration) in a cube of 1cm3. The speed is determined at random from a
uniform distribution between 0 and vmax=0.1cm.s-1. Equation 4 gives us the diffusion coefficient
D = 5.10-4 s-2. Individual-based simulation fits very well Fick’s equation. A χ2 test indicates that
the two distributions are not significantly different: p(χ2 = 24,76) > 0,5 with 30 degrees of
freedom. This result is not surprising since we merely reproduce the experiment carried out in
laboratory by physicist J.B. Perrin and his students to measure the diffusion coefficient (Perrin,
1997). The first use that we make of multi-modeling within this framework thus allows the
determination of particular values of parameters or functions of these parameters. The individualbased model is then regarded as a virtual laboratory in which we perform experiments on the
system to determine some parameters of the aggregate model, here the coefficient of diffusion D.
Then, we can integrate its estimate into the analytical model (cf. equation 1) for an analytical
resolution.

4 Coupling of both models
In the preceding paragraph as well as in our previous work applied to marine ecology (Duboz et
al., 2001), we showed that it is possible to parameterize an analytical equation using an
individual-based model. Now, we show that it is also possible to parameterize a numerical
integration during its resolution. In most cases, we do not have an expression of D according to
vmax which could be directly used in equation 2. We thus simulate the process using the
individual-based model to determine for each iteration and for each part of the cube, the value of
Di. Then, we reintroduce this value into the equation under resolution in the numerical model.
This provides the values of the various concentrations in each section of space (cf Figure 3). To
identify each Di, we use the method presented in the preceding paragraph, by using an individualbased model on 31 individuals only to limit the calculation time. We checked that the results are
equivalent to those obtained by simulating 105 individuals.
Even if the conditions of simulation remain identical, the great stochasticity of the individualbased model leads to variable values of Di in a small interval. For the calculation of such a
numerical scheme, it is thus significant to know the field of variation of Di in order to observe the
conditions of stability.
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Figure 3: UML Sequence diagram to illustrate the bi-directional coupling between the numerical model
and the individual-based model, for each section of space i, the numerical model issues an individualbased model initialized with the corresponding concentration to determine the coefficient of diffusion in
the section.

Figure 3 illustrates the coupling of the two models. Such a coupling makes it possible to simulate
the space effects of the variation of the diffusion coefficient on the system dynamics. We
illustrate this method by considering that the concentration of the particles has an effect on their
speed, for example by considering an escape dynamics between particles. This reaction to the
concentration can be modeled by a Monod type equation which leads to an increase of speed
according to the concentration until a fixed maximum is reached (equation 5).
v = v max − v max e −bc (equation 5)
Where v is the speed of the particles, vmax their maximum speed and c is the concentration.
The model is the same one as previously seen with vmax = 0.5 cm.s-1 and b = 10-3. We obtain the
results displayed on figure 4. The difference with the previous case is that the individual-based
model requires at every moment the value of the local concentration, which is given by the
aggregate model. With such an assumption of modeling, figure 4 shows that the bell form of the
equation of Fick is not preserved for the small concentrations. Our intention here is only to
illustrate the coupling as a method of possible investigation, and not to elaborate more on this
difference.
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Diffusion with variation of D as a function of x
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Figure 4: Simulation of the diffusion phenomenon during 30 seconds by considering that the speed of the
particles decreases with the concentration (solid line) by comparison with the Fick equation where speed
is assumed to be constant(dotted line).

5 Discussion
The method requires that an aggregate and an individual based model of the same phenomenon
are available. Moreover, a clear link relating some results of the IBM to parameter values of the
aggregate model is necessary. This leads to distinguish two main cases for using this method: on
the one hand, starting from an aggregate model and deriving an IBM from it; on the other hand,
starting from an individual-based model and deriving an aggregate model from it.
The first case could be particularly relevant for the simulation of animal migrations. For instance,
starting from differential equations modeling the regional scale, one could derive an individualbased approach locally knowing that the individual behavior and the reactions to the environment
strongly influence the dynamics of the whole herd. The individual-based model of "water balls"
proposed by Servat (Servat 2000), could also be the subject of a coupling with various aggregate
models (different models according to the water quantity), and with the aggregate model derived
from the IBM or vice-versa.
In fact, the illustrative example taken here could have hidden some difficulties of this method,
because in the case of particles diffusion, the aggregative process that enables to link both models
is clearly identified. Such a link between the models is a prerequisite for the method, and it
unfortunately, it not available in general. The first task is therefore to build either the aggregate or
the individual based model, with the adequate link. This task can be difficult. Consider, for
instance, a problem of modeling a population migration at a large scale, as in Bogota (Vanbergue
et al., 2000). The individual-based model could be the only way to apprehend the variety of
individual behaviors leading to intra-urban migration, but it it would lead to intractable
simulation times with several millions of individuals. Then the recourse to differential equations
could be one of the mean to avoid this pitfall. The point is, now that we have identify one of the
possible solution, how to build the link between a light (considering the size of the population
modeled) individual-based model focusing on the individual motivations and behaviors to
migrate and an aggregated model that take into account the whole population? Both aggregation
variables and aggregation process chosen matter, and this can be a difficult problem.
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Nevertheless, we think that this approach makes it possible in some cases to use the advantages
of both types of modeling, and to obtain a real improvement compared to the use of only one of
the models. Indeed, the aggregate model makes it possible to obtain a compact and easily usable
representation of the whole system dynamics. The individual-based model makes it possible to
simplify the use of the aggregate model by identifying its parameters locally.
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